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Abst rac twThe standard collocation finite element method requires a fine mesh in the vicinity of 
singularities. The concept of enriched elements i introduced to rectify this limitation. The additional 
degree of freedom is handled by introducing a constraint equation relating the stress intensity factor 
to the nodal values in the interior. The numerical results indicate that the recommended strategy is 
viable and leads to a significant improvement in the accuracy. 
INTRODUCTION 
The collocation method has traditionally been associated with the interpolation (point matching) 
theory. The application of collocation to the numerical solution of boundary value problems can 
be traced to the work of Mikhlin [1], Collatz [2] and Finlayson [3], where global trigonometric 
and polynomial functions were employed. The development of the finite element method in the 
early sixties has had a major impact in the direction of collocation research. The localized nature 
of the shape functions in FEM has encouraged researchers to employ them in the collocation 
technique [4-6], leading to the classical paper published by Russell and Shampine in 1972 [7]. 
Although this paper was restricted to one dimension, it was immediately generalized tohigher di- 
mensions [8,9]. The rate of convergence of collocation via piecewise polynomials was significantly 
improved when the concept of orthogonal collocation was employed. Since the 1972 landmark 
paper [7], numerous publications on the collocation finite element method applied to a variety of 
boundary value problems have appeared [10-13]. It is argued that on simple geometries, when the 
collocation method is properly coded and efficiently solved, it becomes highly competetive with 
other numerical methods. An important point that has not been studied is, how does collocation 
perform when applied to boundary value problems with singularities? And, how can the results 
be improved? 
The purpose of this paper is to investigate the application of the collocation method to a class 
of singular problems where the singularity exists on the boundary. This study will focus on a 
model problem known as the Motz I problem [14]. The domain under consideration and the 
associated BVP is depicted in Figure 1. It can be shown [15] that the solution at the origin 
asymptotically behaves as the following expansion, 
oo  + 1) ~(r,O) = ~-~a~r(2k+l)/~sin 0, (1) 
2 k=O 
where (r, 0) is the polar coordinate system. In the context of the Motz problem, we propose 
a technique to significantly improve the performance of the collocation method with very little 
additional effort. Once again, although the model problem considered is very restricted in nature, 
the concepts introduced can be applied to more complicated boundary value problems arising in 
practice. 
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Figure 1. The descript ion of Motz I problem. 
DESCRIPT ION OF THE REGULAR COLLOCATION METHOD 
We follow the approach of [13] where the Hermite bicubic functions are employed to approx- 
imate the solution ~. A rectangular grid is used to discretize the original domain shown in 
Figure 1. Within a typical element shown in Figure 2, the solution ~ is expressed as 
4 4 
~(~, ~) = ~ ~ H,./(=, y) ~,./, (2) 
'----1 ./----1 
where the Hi./(z, y), i, j = 1,2, 3, 4 are the sixteen Hermite bicubic shape functions constructed 
from the tensor product of the usual one-dimensional Hermite cubic polynomials. The one- 
dimensional shape functions are given below for completeness. 
$1(~) = 1 - 3~ 2 + 2~ 3, (3) 
$2({) -- h(3{ 2 - 2{3), (4) 
s3(0 = ~ - 2~ 2 + ~,  (5) 
s4(~) = h(-~ 2 + d).  (6) 
In the expression (3)-(6), h represents the length of the one-dimensional element and 0 _< ~ < 1 
is a natural coordinate. Defining 
S(~ ¢) ~ (Sl(~), S2(~), S3(~¢), S4(~¢)) T. (7)  
The two-dimensional shape functions Hij (x, y) are constructed by 
Hq(x,y)  = Si(()S./(rl), i , j  = 1,2,3,4, (8) 
where ~ and 7, natural coordinates, are linear functions of x and y, respectively, and 
4 4 
¢(=, y) = HC = ~ ~ ¢,./s,(0 s./(~). (9) 
i=1 j=t  
The vectors H and ÷, both of length 16, are given below. 
H = {Hi 1, H21, HI 2, H22, H31,  H32,  • • •, Ht3, H23, H14, H24 }, (10) 
÷ = {¢t, ~lr, ~bly, Ct=y, ~z, ¢~=,... ,  ¢4, ¢4=, ¢4y, ¢4=y} • (11) 
The variables ~b,, ¢,r, ¢,y and ¢,=~ represent the degrees of freedom consisting of the different 
partial derivatives of ¢ at node i. 
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Figure 2. A typical element with the 2 X 2 Gaussian points. 
Substituting the expansion (2) in the Laplace operator governing the Motz problem results in 
a residual: 
" " o=s.,,(,) 1 aes(x,y) - ~-~~ I~-~--==S~(.)+S~(¢) ay= J ¢'-" # o. (12) 
i=l j= l  
In "orthogonal" collocation, the equality (12) is retrieved by enforcing it at the 2 × 2 Ganssian 
points (z~, y~) within the element me, namely, 
' " ro sl(  ) Res(=~,y~) = ~ ~ [ ~ S~(~) + S,(~,,:) ~ ] ~,.~ = O. 
i----1 j----1 
(13) 
Equation (13), which exists as the element level, is of the type A¢ = 0 where A is a 4 x 16 
rectangular matrix. Once this equation is assembled into a global matrix and the boundary 
conditions are imposed, the result is a system of 4N linear equations (N being the number of 
elements) which can be solved for all the unknown degrees of freedom. 
RESULTS FOR THE REGULAR COLLOCATION METHOD 
The presence of singularity in the solution of the Motz problem at (0, 0) indicates that in order 
to obtain and accurate solution, a fine mesh in that area must be employed. This is precisely the 
point to be avoided through our enriched elements to be discussed in the next section. For the 
time being, let us use two meshes as shown in Figures 3 and 4. These meshes are categorized as 
coarse (Figure 3) and fine (Figure 4). Collocation is performed on these two discretizations and 
the results are compared with the reference solution ¢ and its normal derivative ~ obtained by 
an extremely accurate numerical calculation. 
0 
X 
Figure 3. The coarse mesh. 
Figure 5 shows the plot of ¢ where -1 < x _< 0 and y -- 0. Clearly from equation (1), the 
variable ¢ does not possess ingularity on this segment of the boundary. Note that the error for 
the coarse mesh is significantly higher close to x -- 0, whereas the finer mesh gives reasonable 
results. The convexity of both approximations is incorrect at x -- 0 because of the nature of the 
boundary condition used at this point (we have used the condition ¢ = 0 and ~ = 0 at the 
origin). The error is much smaller for both discretizations away from the origin. 
Figure 6 displays the flux variable, ~ ,  where 0 < x ~ 1 and y = 0. Naturally, there is a 
singularity for the flux at z = 0 which is clearly picked up by the reference solution and the 
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Figure 5. The calculated potential (-1 < z < 0, y = 0). 
approximation on the fine mesh. The pointwise error is quite large for the coarse mesh in the 
region of singularity. As a point of information, we have also included some results on segments 
of the boundary where both variables (~ and ~)  are singularity free. Figure 7 displays the plot 
of ~b on the right vertical boundary (i.e., z = 1 and 0 _~ y _~ 1), whereas Figure 8 is the plot 
of ~ on the left vertical boundary (i.e., z = -1  and 0 _~ y _~ 1). The previous conclusions are 
reinforced in the sense that collocation on the coarse mesh does not produce accurate results. 
Even the finer mesh leads into errors which are well above those produced by the technique to 
be described. 
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Figure 6. The cMcuhted flux (0 _< x _< 1, y = 0). 
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Figure 7. "['he calcuLlated potential (z = 1, 0 _ y _< 1). 
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Figure 8. The calculated flux (~ = -1 ,  0 _< y < 1). 
ENRICHED COLLOCATION METHOD, FORMULATION 
Here, the elements that surround the crack tip, as in Figure 9, are treated ifferently. It is only 
for the sake of simplicity that we have assumed that the elements at the crack tip are also on the 
line of symmetry. For such elements, the solution ¢ is assumed to have the following expansion: 
4 4 
~b(z,y) =~ ~ H,j(z,y) ~,j + K,v/'r sin ~, (14) 
i=l j=l 
where Kz is the so-called mode I stress intensity factor (the coefficient of leading asymptotic 
expansions of ¢). Because of the presence of the second term in (14), the degrees of freedom ~ij 
may be no longer elated to the value of ~b or its partial derivatives at the nodes. Through a simple 
limiting argument i can be shown [15,16] that Kz has the following contour epresentation: 
Kz=2 fr Cr_(l/2)sinO 2 fo" . 0 ; ~ ~ = ~ ¢(R, 0) sm 5 dO, (15) 
where the contour employed is a semicircle of radius R as shown in Figure 10. 
It is clear that an additional degree of freedom KI has been introduced into the problem. This 
additional unknown will be accounted for by imposing the constraint equation (15) in its discrete 
form. More explicitly, equation (15) is rewritten as 
2 ~{~-~.~-~[/"+lH, j(,,y) sin~dO] ~b,i}-O, (16) 
Kz ~v~ LJe. 
m----1 i----1 j----1 
where M is the number of regular elements through which FR passes, 01 = 0 and 0M+Z = It. 
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Figure 9. The typical enriched elements. 
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Figure I0. Semi-circular contour. 
Basically, the linear system of equations involving enriched collocation come from three sources: 
(1) collocation of regular elements (approximate solution expressed by equation (2)), 
(2) collocation of enriched elements (approximate solution expressed by equation (14)), and 
(3) the constraint condition defining KI (equation (16)). 
There is one further technical issue related to conformity. The regular and enriched elements 
are such that the overall solution @ becomes discontinuous along the broken line segment ABCDE 
in Figure 9. We have experimented with two methods to resolve the discontinuity along the above 
segments. The first method is to multiply the second term in the expansion (14) by a blending 
function B(z, y) which vanishes along ABCDE.  Therefore, 
4 4 
i=I  j= l  
To maintain a C 1 smooth solution, B=, B U and Bxv should also vanish on ABCDE.  The particular 
blending function that we have employed is 
B(x ,y )  -- C l (x  - XA) 2 (x  -- xE)  2 (y  -- yC) 2, (18) 
where A, E and C are in reference to Figure 9 and C1 is a constant. The second approach to 
join the solutions smoothly is to impose an additional 16 constraint equations. These involve 
equating the quantities ~, ~bx, ~b U and ~bx~ arising from the regular and enriched solutions at the 
five points A, B, C, D and E. It will be shown that the second approach leads to more accurate 
approximations at the crack tip. 
RESULTS FOR THE ENRICHED COLLOCATION 
The same coarse grid shown in Figure 4 is used for testing the enriched collocation shape 
functions at the crack tip. There are only two elements of this type surrounding the crack 
tip. For the radius of the contour in equation (15), we have taken R - 1 which is the largest 
semicircle that can be inscribed in the rectangular domain of interest. We have also experimented 
with other values (e.g., R -- 0.25) which have lead to almost identical results. It was mentioned in 
the previous ection that the merging of the enriched and regular elements can either be achieved 
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by a blending function or imposing a set of constraints on the degrees of freedom. We have 
investigated the effects of both in this section. 
Figure 11 shows the graph of the function ~b on -1 < z _< 0 and y = 0. It is clear that 
the enriched collocation using constraints i more accurate than the enriched collocation using 
blending function and are both far more superior than the regular collocation method. In fact, 
enriched collocation using constraints can hardly be distinguished from the reference solution. It 
is important to realize that the blending function disturbs the nature of the asymptotic expansion 
as dictated by (1). This may be the justification for why it is not performing as expected. 
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Figure 11. The calculated potential (-1 < x < 0, y = 0). 
The flux variable a_~, 0 < z < 1 and y = 0 is displayed in Figure 12. Note that the singularity 
at z = 0 is well represented by the enriched solutions but the constraining method, once again, 
tracks the reference solution much closer. The difference between the two enriched approximations 
and the reference solution becmes negligible as one gets away from the point of singularity. For 
the sake of completeness, Figures 13 and 14 are provided repesenting the variables ~6 and ~ on 
the right and left vertical boundaries, respectively (i.e., z = 1 and z = -1). 
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Figure 12. The calculated flux (0 < ~ _< 1, ~ = 0). 
Table 1 gives the values of %o," the coefficient of the leading term in the asymptotic expan- 
sion (1), for different methods. This requires the contour integration (15) which is performed 
using the trapozidal rule and 40 sampled point. The table indicates that the enriched collocation 
method, with constraints, is predicting the stress intensity fact "a0" quite well. This parameter 
has been used in the literature as a measure of the accuracy of an algorithm. 
CONCLUSIONS 
The application of the collocation finite element method to the numerical solution of bound- 
ary value problems has advanced considerably during the past two decades. The utilization of 
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Figure 13. The calculated potential (z = 1, 0 <_ y _< 1). 
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Figure 14. The calculated flux (z = -1, 0 _< y < 1). 
Table 1. 
~o 
Li [17] 400.67 
Wigley [15] 401.67 
Col I (enriched) 401.06 
Col II (blending) 402.51 
.5 
piecewise polynomials has made a great improvement in the efficiency and accuracy of the col- 
location method. It has been demonstrated (by others [13]) that for regular Poisson's equation, 
the standard collocation method is highly competetive with the other well established numerical 
methods. 
The purpose of the present paper is to suggest a technique for improving the accuracy of 
collocation for problems with boundary singularities. Such singularities are very common in 
fracture mechanics. The method involves introducing enriched shape functions in the vicinity of 
the crack and a constraint equation relating the stress intensity factor to the nodal values. The 
numerical experiment with the Motz model problem is very promising. In fact, almost the exact 
values were reproduced with this technique. We are presently working on the implementation f
some of these ideas on the equation of linear elasticity with fracture mechanics in mind. 
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